Abstract. In this article, we study a class of contractive factors of m-hypercontractions for m ∈ N. We find a characterization of such factors and this is achieved by finding explicit dilation of these factors on some weighted Bergman spaces. This is a generalization of the work done in [14] .
Introduction
The structure of a commuting n-tuple of isometries (n ≥ 2) is complicated compare to that of a single isometry due to von Neumann and Wold (cf. [19] ). Not much is known except the BCL representation for an n-tuple of isometries with product being a pure isometry (see [6, 7, 8, 9, 12, 16, 17] and references therein), that is for an n-tuple of isometries (V 1 , . . . , V n ) on H with
The structure theorem of such isometries also reveals all possible isometric factors of a pure isometry [9] . Following this, the analysis of finding factors has been extended further to the case of contractions, recently. A characterization of contractive factors of a pure contraction is obtained, by Sarkar, Sarkar and the second author of this atricle, in [14] and subsequently in [21] for general contractions. More specifically, it is shown that for a contraction T on a Hilbert space H, the following are equivalent:
(i) T = T 1 T 2 for some commuting contractions T 1 and T 2 on H;
(ii) there exist a triple (E, U, P ) consisting of a Hilbert space E, a unitary U and an orthogonal projection P , a pair of commuting unitaries (W 1 , W 2 ) on a Hilbert space R with W = W 1 W 2 and a joint (M in [13] . It is then natural to ask the following question: How to characterize contractive factors of m-hypercontractions? In this article, we answer this question and obtained a complete description for a class of contractive factors of m-hypercontractions. Our characterization for contractive factors of m-hypercontractions induces a similar characterization of factors for subnormal operators and, for m = 1, it recovers the characterization obtained in [14] and [21] .
To describe these results, we develop some background materials next. For a Hilbert space E and n ∈ N, the E-valued weighted Bergman space over the unit disc, denoted by A 2 n (E), is defined as
where the sequence of weights {w n,k } k≥0 is given by
It is also a reproducing kernel Hilbert space with kernel
For the base case n = 1, the space A If E = C, then we denote simply by A 2 n the C-valued weighted Bergman space over the unit disc. The notion of m-hypercontractions (m ∈ N), introduced by Agler in his seminal paper [2] , is defined as follows. A bounded linear operator T on H is an m-hypercontraction if it satisfies
for n = 1, m. In addition, if T * n → 0 in the strong operator topology then T is said to be a pure m-hypercontraction. It is important to note that the positivity K −1 n (T, T * ) ≥ 0 for n = 1, m also implies all the intermediate positivity, that is K −1 n (T, T * ) ≥ 0 for all n = 1, . . . , m ( [18] ). This shows that if T is an m-hypercontraction then it is also an n-hypercontraction for all n = 1, . . . , m. The defect operators and the defect spaces of an m-hypercontraction T on H are defined by
, is a pure m-hypercontraction. In fact, by [2] , the Bergman shifts are model of pure mhypercontractions. To be more precise, Agler proves the following characterization result. There are now several different approach to this result and to its multivariable generalization for different domains in C n (see [1] , [3] , [4] , [10] , [11] , [18] and [20] ). Now coming back to the context of this article, we denote by F m (H) the class of contractive factors of m-hypercontractions on a Hilbert space H which we characterize in this paper. The class is defined as follows. 
The positivity condition in (ii) is equivalent to the Szegö positivity of the commuting operator tuple
for all i = 1, 2. Here for an n-tuple of commuting contraction T = (T 1 , . . . , T n ), the Szegö positivity of T is defined as
where for F ⊂ {1, . . . , n}, T F = i∈F T i . For m = 1, the condition (ii) follows from (i). For that reason, F 1 (H) is the class of all commuting contractive operator pairs on H. For (T 1 , T 2 ) ∈ F m (H) we show that their product contraction T = T 1 T 2 is an mhypercontraction on H. In other words, for any m ∈ N, F m (H) contains contractive factors of m-hypercontractions on H. In particular, this also provides a sufficient condition for the product of a pair of commuting contractions (T 1 , T 2 ) on H to be an m-hypercontraction and the sufficient condition is simply that (T 1 , T 2 ) ∈ F m (H). This sufficient condition is not necessary as we find counterexamples. The goal of this article is to describe the class of contractive factors F m (H) of m-hypercontractions, completely. One such explicit descriptions we obtain is as follows. For a Hilbert space E, a bounded analytic function Φ :
If T is a m-hypercontraction on a Hilbert space H, then the following are equivalent:
(ii) there exist a pair of commuting unitaries (W 1 , W 2 ) on a Hilbert space R with W = W 1 W 2 and a pair of B(E)-valued Schur functions on D
corresponding to a triple (E, U, P ) consisting of a Hilbert space E, a unitary U on E and an orthogonal projection
Furthermore, if T is a pure m-hypercontraction then the Hilbert space R = {0}.
This in turn provides a similar factorization result for subnormal operators. The above factorization result is obtained by finding a suitable and explicit dilation of commuting contractive operator triples, of the form (T 1 , T 2 , T 1 T 2 ) for (T 1 , T 2 ) ∈ F m (H), on some weighted Bergman space. At the same time, the explicit dilation of triples relies on a Douglus type dilation of m-hypercontractions and a commutant lifting technique originally found in [14] .
The plan of the paper is as follows. Section 2 contains Douglus type dilation for mhypercontractions. We study different properties of F m (H) in Section 3. In Section 4, we find a suitable explicit dilation for the class of factors in F m (H). This is then used to obtain several factorization results in Section 5. In the last section, we find examples of factors of m-hypercontractions on H which are not an element of F m (H).
Douglas Type Dilation for Hypercontractions
In this section, we find a Douglas type dilation and therefore the model for m-hypercontractions as in Theorem 1.1, which is required to obtain dilation of factors of hypercontractions. Our explicit construction of Douglas type dilation for m-hypercontractions seems to be new. We believe that this may be known to experts in the area. But, we include the construction of such explicit dilation for completeness.
Recall that a contraction T on H is a m-hypercontraction if for all n = 1, . . . , m,
Also for all n = 1, . . . , m, n-th order defect operator and defect space are
respectively. The sequence of weights {w n,k } ∞ k=0 given by
play a crucial role in what follows and we invoke a lemma from [2] which describe certain relationship of these weights for different values of n.
Lemma 2.1 (cf [2] ). Let {w n,k } k≥0,n≥0 be as above. Then for all n, k ≥ 1,
for the weighted Bergman space A 2 n . Then the kernel function of A 2 n is given by
We set, for r ≥ 0,
Then it can be easily seen that f (n) 0
and consequently, f
is a polynomial for all r ≥ 0. As a result, using polynomial calculus, we define
for any m-hypercontraction T on H. These operator are used to study the canonical dilation map Π m,T :
corresponding to an m-hypercontraction T on H. The next proposition shows that the operator Π m,T is a contraction and it is analogous to Proposition 10 in [4] for the case when T is a pure m-hypercontraction. Proposition 2.2. In the above setting, we have the following:
is a decreasing sequence of positive operators.
Proof. It is clear from the definition that {f
is a decreasing sequence for all n = 1, . . . , m. For the positivity, it follows from Lemma 2.1 and the discussion succeeding it that for r ≥ 0 and 1 ≤ n ≤ m,
for all r ≥ 0 and for all n = 1, . . . , m. As a result, we also have
This proves that {f
is a decreasing sequence of positive operators. The proof of (ii) is verbatim with the proof of Proposition 10 in [4] .
By the above result, we denote the strong operator limit of the sequence {f
and its range as
It should be noted that if T is a pure m-hypercontraction then
This can derived from the identity (2.2) and from the fact that w n,r−1 Before we present the main theorem of this section, we recall a well-known factorization result due to Douglas. 
The explicit construction of Douglas type dilation for m-hypercontractions is given next.
In particular,
Proof. Let Q n,T be the positive operator as in (2.3) for all 1 ≤ n ≤ m. By induction on n, we prove that
m).
It is easy to see that it holds for n = 1. Then we assume that the identity holds for some n with 1 ≤ n < m. Thus by the assumption f
Consequently by the induction hypothesis, f
(T, T * )T * → 0 in the strong operator topology as r → ∞. This in turn implies that
is an isometry and it also satisfies
Here the intertwining property follows from (2.4). Therefore,
This completes the proof.
The class F m (H)
The class of contractive factors F m (H) and its basic properties are studied in this section. To begin with we recall the definition of the class F m (H). A commuting pair of contractions
For (T 1 , T 2 ) ∈ F m (H) with T = T 1 T 2 , we fix the following notations for the rest of the article:
With the above notation, we have the following useful identity
for all n ≥ 0. Next we show an intermediate positivity type result. , corresponding to a fixed h ∈ H, defined as
Then for any r ≥ 0, using (3.6), we have
Thus {a r } ∞ r=0 is a decreasing sequence. Also since Needless to say that the product of two commuting contractions is not an m-hypercontraction, in general. We find a sufficient condition for product of two commuting contractions to be an m-hypercontraction. The sufficient condition is simply that the pair of contractions on H should be an element of F m (H). This is proved in the next lemma, which is in the same spirit as Lemma 3.1 in [5] . 
With respect to the above decomposition of the co-efficient space, we have A
This proves the claim. In fact we will see below that any pair (T 1 , T 2 ) ∈ F m (H) with T 1 T 2 is pure dilates to such a pair (M Φ , M Ψ ) on some A 2 m (E), and therefore they serve as a model for a class of factors of pure m-hypercontractions.
Dilation of factors
Our main concern is to propose a model for the class F m (H) of factors of m-hypercontractions. This is achieved by finding an explicit dilation of a triple of commuting contractions (T 1 , T 2 , T 1 T 2 ) on some weighted Bergman space, where (T 1 , T 2 ) ∈ F m (H). We say an n-tuple of commuting contractions (T 1 , . . . , T n ) on H dilates to a commuting n-tuple of operators (R 1 , . . . , R n ) on K if there is an isometry Π : H → K, such that
The map Π is often refer as the dilation map.
We prove a lemma which will be the key to the dilation results obtained in this section. This is analogous to Theorem 2.1 in [14] . Let (
T → E is a isometry for some Hilbert space E, then the map
.1. With the above notation, if D is a Hilbert space and if
is a unitary operator such that for all h ∈ H,
Proof. Since
we have
, for all h ∈ H and i = 1, 2. Simplifying further, we get
Π V for all i = 1, 2. This ends the proof.
The following identity, as in the proof of Lemma 3.2,
This leads us to define isometries
. We are now ready to prove the explicit dilation result for the pure case. 
Proof. We first consider the isometry U as in (4.7) and by adding an infinite dimensional Hilbert space D, if necessary, we extend it to a unitary on
We continue to denote the unitary by U, and therefore we have a unitary U : E → E which satisfies
Also we view the isometry V in (4.8), as an isometry V : D m,T → E defined by
is an isometry, and as a result
m (E) is also an isometry. The isometry Π V will be the dilation map in this context.
To complete the proof of the theorem, we construct unitaries which satisfy the hypothesis of Lemma 4.1. To this end, we consider the inclusion maps
We also consider the orthogonal projection P = ι 2 ι * 2 . Then it is easy to check that
and
are unitary. The unitary
for all h ∈ H. Subsequently, a similar computation also shows that the unitary
The proof now follows by appealing Lemma 4.1 for the unitaries U 1 and U 2 .
Remark 4.3. The converse of the above theorem is also true. That is, if (T 1 , T 2 , T ) is a triple of commuting contractions on H and if
Hilbert space E where Φ and Ψ are B(E)-valued canonical Schur functions on D corresponding to a triple (E, U, P ), then (T 1 , T 2 ) ∈ F m (H) and T = T 1 T 2 . This follows immediately from the fact that
Having obtained the explicit dilation for the pure case, we now drop the pure assumption and find dilation for the general case.
Then there exist a triple (E, U, P ) consists of a Hilbert space E, a unitary U on E and an orthogonal projection P in B(H), a Hilbert space R, a pair of commuting unitaries (W 1 , W 2 ) on a Hilbert space R with W = W 1 W 2 and an isometry Π :
where Φ and Ψ are the B(E)-valued canonical Schur function on D corresponding to the triple (E, U, P ) given by
Proof. Let (E, U, P ) be as in Theorem 4.2, and let V be as in (4.8) . Then by the same way as it is done in the proof of Theorem 4.2, we have
−m h is the canonical dilation map. However, note that Π V is not an isometry in general. To make it an isometry we follow the construction done in Theorem 2.4.
Let Q m,T be the positive operator defined in (2.3) by taking strong operator limit of the decreasing sequence of positive operators {f
where
It also follows from the proof of Theorem 2.4 that
i for all i = 1, 2. We prove the inequality for i = 1 as the proof is similar for i = 2. To this end, it is enough to show that
for all r ≥ 0. For a fixed r ≥ 0, we use induction on m to establish it. Since f (1) r (T, T * ) = T r T * r , it is easy to see that the inequality holds for m = 1. We assume that for some 1 ≤ n < m, f
, where
Hence we have
Here we have used the fact that K 
Then, by Proposition 2.2 and the fact that V is an isometry, it follows that Π is an isometry. Moreover, it follows from the relations (4.10) and (4.11) that
This completes the proof of the theorem.
We conclude the section with a remark which is similar to the pure case.
Remark 4.5. The converse of the above theorem is also true. Naturally, this follows from the fact that
Factorization of hypercontractions
Combining 
corresponding to a triple (E, U, P ) consisting of a Hilbert space E, a unitary U and an orthog-
In particular, if T 1 T 2 is a pure contraction then the Hilbert space R = {0}.
It is now clear that the above theorem is obtained by realizing a factor (T 1 , T 2 ) ∈ F m (H) on the dilation space A 2 m (E) ⊕ R of T = T 1 T 2 . However, one would expect to realize (T 1 , T 2 ) on the canonical dilation space of T as in Theorem 2.4.
To this end, we first consider (T 1 , T 2 ) ∈ F m (H) with T = T 1 T 2 is a pure contraction. Let Π V be the dilation map as in Theorem 4.2, that is
where Π m,T is the isometric canonical dilation map corresponding to the pure m-hypercontraction T and V : D m,T → E is an isometry. Then, by the from of Π V , the above intertwining relations yield
ThenΦ andΨ are B(D m,T )-valued Schur functions on D such that
Observant reader may have noticed thatΦ andΨ do not commute, in general. However, P Q MΦ| Q and P Q MΨ| Q commutes and
where Q = ranΠ m,T . Thus we have proved the following:
Theorem 5.2. Let T be a pure m-hypercontraction on H. Then the following are equivalent.
for some Hilbert space E, isometry V : D m,T → E, unitary U : E → E and projection
We also have the following analogous result for general m-hypercontractions.
Theorem 5.3. Let T be an m-hypercontraction on H. Then the following are equivalent. 
An immediate consequence of the above results is a similar factorization result for subnormal operators. Recall that an operator is subnormal if it has a normal extension. A well-known characterization of subnormal operator due to Agler is the following: a contraction T on a Hilbert space H is subnormal if and only if T is an m-hypercontraction for all m ∈ N (see [2] ). We set 
Examples and concluding remark
In this section, we find an example of a pair of commuting 2 × 2 contractive matrices such that their product is a 2-hypercontraction but the pair fails to belong in F 2 (C 2 ).
Example: For a real number 0 < r ≤ 1, consider a 2 × 2 matrix T r := 0 r 0 0 . Then by a direct calculation, it can be checked that T r is a 2-hypercontraction if and only if r 2 ≤ , we see that T r is a 2-hypercontraction, S and T r S −1 are contractions and is not a positive matrix. Therefore for such a particular choice, the contractions T r S −1 and S are factors of the 2-hypercontraction T r but (T r S −1 , S) / ∈ F 2 (C 2 ). The above example shows that F m (H) does not contain all the contractive factors of mhypercontractions on H and the present article characterise a subclass of contractive factors of m-hypercontractions, namely F m (H). We conclude the paper with the following natural question: How to characterize all the factors of m-hypercontractions?
